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Abstract 



In this paper we introduce the sheaf of stratified Whitney jets of 
Gevrey order on the subanalytic site relative to a real analytic manifold 
X. Then we define stratified ultradistributions of Beurling and Roumieu 
type on X. In the end, by means of stratified ultradistributions, we define 
tempered-stratified ultradistributions and we prove two results. First, if X 
is a real surface, the tempered-stratified ultradistributions define a sheaf 
on the subanalytic site relative to X. Second, the tempered-stratified ul- 
tradistributions on the complementary of a 1-regular closed subset of X 
coincide with the sections of the presheaf of tempered ultradistributions. 
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Introduction 



Introduction 

One of the aim of the present article is to define tempered ultradistributions 
of Beurling and Roumieu class of order s > 1 and Whitney jets with growth 
conditions as sheaves on the subanalytic site relative to a real analytic manifold 
X. As growth conditions are not of local nature, functional spaces defined 
on open subsets of X, as tempered distributions, Whitney ^^-functions or 
holomorphic functions with polynomial growth at the boundary do not glue on 
arbitrary coverings. In particular, such spaces do not define sheaves on the usual 
topology of an analytic manifold. We recall the approach set by S. Lojasiewicz 
( [12j ) later reinterpreted and generalized in the works of M. Kashiwara and P. 
Schapira (see [3], [5] and [7]). They defined tempered distributions and Whitney 
i^ 00 -functions as sheaves on the subanalytic site, X sa , relative to a real analytic 
manifold X. The open sets of X sa are the relatively compact subanalytic open 
subsets of X and the coverings are the locally finite ones. The use of these 
objects in the study of linear ordinary differential equations gave interesting 
results (see |14j). Let us mention that function spaces with growth conditions, 
such as holomorphic functions on the complex plane with moderate or Gevrey 
growth or asymptotic expansion at the origin, are treated as sheaves on the real 
blow up at the origin by B. Malgrange in [13j and many other authors elsewhere 
in litterature. Such function spaces are used in a systematic way in the study 
of linear ordinary differential equations. Some of these sheaves on the real blow 
up at the origin can be obtained by specializing their subanalytic generalization 
(see [15]). 

Among the motivations of this paper there is the fact that the naive definition 
of tempered ultradistributions, mimicking that of tempered distributions (see 
4J), does not give a sheaf on the subanalytic site, as explained in Section fOl 
Let us recall that tempered ultradistributions on an open set U in X are defined 
as global sections of ultradistributions modulo ultradistributions with support 
on X \ U. This latter space is the dual of Whitney jets with Gevrey like growth 
conditions on X \ U . In this paper, we relax the condition on Whitney jets with 
Gevrey like growth conditions by introducing the stratified Whitney jets on a 
real analytic manifold X. We prove decomposition and gluing properties for 
stratied Whitney jets on locally finitely many subanalytic subsets of X (Lemma 
I2.2.4[) . Then we study the dual of stratified Whiteny jets on a closed set Z C X, 
the space of stratified ultradistributions on Z. This latter space is a subspace of 
ultradistribution with support in Z. We study the decomposability of stratified 
ultradistributions on arbitrary finitely many subanalytic closed sets (Corollary 
I2.4.5l and CoroUarv l3.1.5p . Then we define tempered-stratified ultradistributions 
on U as global ultradistributions modulo stratified ultradistributions on X \ U. 
We prove that, when X has dimension 2, tempered-stratified ultradistributions 
define a sheaf on X sa . Further, we prove that, if X \ U satisfies a regularity 
condition, tempered-stratified ultradistributions on U coincides with classical 
tempered ultradistributions on U (Theorem I3.2.ip . We conclude by proving 
that tempered-stratified ultradistributions and other spaces of ultradistributions 
similarly defined do not give rise to sheaves on X sa , if X has dimension > 2. 

Similar results on the decomposability of ultradistributions were obtained by 
J.-M. Kantor ([3]) and by A. Lambert ([TT]). Their approach is quite different 
from our. Indeed, given s > 1, they find a family T s of subanalytic closed sets 
depending on s such that ultradistributions of class s decompose on sets in T s . 
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The family T s is not closed under intersections hence it is not possible to define 
a Grothendieck topology and a notion of sheaf starting from it. 

In the end, let us recall that ultradistributions and growth conditions of 
Gevrey type turned out to be very useful in the functorial study of linear 
diffcntial equations, being strictly linked to the irregularity of equations. Let us 
cite, for example, and [H] for some applications of ultradistributions in the 
study of systems of linear differential equations. In the present article we do not 
use tempered-stratified ultradistributions to study systems of linear differential 
equations, postponing this problem to future investigations. Throughout the 
paper, we just limit to point out if the sheaves we define give rise to sheaves of 
modules over the ring of linear differential operators with analytic coefficients. 

The paper is organized as follows. We start Section Q] by recalling the basic 
properties of Whiteny jets with growth conditions. Then, mimicking 0], we 
define the presheaf of tempered ultradistributions and we recall a condition, 
due to H. Komatsu, for a continuous function to extend to the whole space 
as an ultradistribution. In the end of the section, we prove that tempered 
ultradistributions do not glue on finitely many subanalytic open subsets of M 2 . 

In Section [2] we start by recalling some definitions and basic results on 
subanalytic sets and the subanalytic site relative to a real analytic manifold 
X. Then, we define the space of stratified Whitney jets with Gevrey growth 
conditions and we prove that they give rise to a sheaf on the subanalytic site 
relative to X. Then, we introduce the space of stratified ultradistributions on 
X and we prove that this space is dual to stratified Whitney jets. In the end 
of the section, from the gluing property of stratified Whitney jets, we obtain a 
decomposition property for stratified ultradistributions. 

In Section [3] given a real analytic manifold X, we define tempered-stratified 
ultradistributions on a subanalytic open set U C X which is a subspace of 
tempered ultradistributions on U. Then, we prove two results. The first states 
that, if dimX = 2, tempered-stratified ultradistributions define a sheaf on the 
subanalytic site relative to X. The second states that if X \ U satisfies a 
regularity condition, then tempered-stratified ultradistributions on U coincide 
with tempered ultradistributions on U . 

In Appendix [A] we prove a result of density for stratified Whitney jets in 
the space of Whitney jets. Such results is needed in Section ® we prove it in 
the Appendix as the proof is rather long and technical. 

1 Notations and review on Whitney jets and ul- 
tradistributions 

In this paper, we assume that a real analytic manifold is countable at infinity. 
1.1 Whitney jets with Gevrey conditions 

Let X be a real analytic manifold. We denote by Mod(Cx) the category of 
sheaves on X with values in C- vector spaces, and by < ^°° the sheaf of infinitely 
differentiable functions on X. We denote by irk ■ J — * X (k 6 Z>o) the vector 
bundle associated with k-th jets over X. For any non-negative integers k\ > k2, 
the morphism of vector bundles j k2 < kl : J kl — > J k ' 2 is defined by the canonical 
projection from fci-th jets to fe-th jets. 
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1 Notations and review on Whitney jets and ultradistributions 



Let A be a locally closed subset in X, and J k (A) designates the set of con- 
tinuous sections of the vector bundle J k over A. We denote by j x : ^°°(X) — > 
J k (X) the canonical jets extension morphism, and for any locally closed spaces 
A C B, we designate by j A B : J k {B) — > J k {A) the natural restriction map from 
sections over B to those over A. Composing j x and j\ x we have the canonical 
morphism 

j k A=Ax°j k x--V°°(X)^J k (A). 
The morphism of vector bundles j k2 < kl induces the map 
j k A 2M : J kl (A) -» J k2 (A), 
and using these maps we define the jets space over A by 

J {A) := lim J k (A). 

feez> 

The morphism j x (resp. j A B ) induces 

j x : tf°°(A:)-J(X) 
(resp. ]a,b ■ J(B) -» J(A)) . 

We set := j A , x ° Jx : ^°°P0 -> 

If X = M™ with a system of coordinates (xi, x 2 , . . . , x„), then the jets space 
J (A) is isomorphic to the set 

{{/«}«e(z> )"; fa e 

where ^(A) designates the set of continuous functions on A. The map ja is 
identified with 

^ A J a€(Z>o)" 



Let A be a locally closed subset in X. We define J a & Mod(Cx) by 

J A (U) :=J(AnU) 

for U an open subset of X. If A n {/ = 0, then we consider J (A n {/) as the 
zero object. The morphism jAnu,u °ju ■ ^^{U) — > J(An {/) induces the sheaf 
homomorphism j'^ : "if 00 — » J7a- 

We have that J7a is a sheaf of rings and modules over Dj : the sheaf of rings 
of linear differential operators with analytic coefficients on X. 

From now on, the symbol * denotes (s) or {s} for some s > 1. Let us recall 
the definition of the sheaf c €* of ultra-diffcrcntiable functions of class * in X. 

First we need the notion of 1-rcgular sets. 

Definition 1.1.1. We say that A is 1-regular at p G X if there exist a neigh- 
borhood U C X of p, a neighborhood V C K" of the origin and an isomorphism 
ip : {U,p) — > (V,0) satisfying the following condition. There exist a positive 
constant n > and a compact neighborhood K <zV of the origin such that for 
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any x±,X2 £ ip(An U) D K there exists a subanalytic curve I in ip(AnU) joining 
x\ and X2 and satisfying the estimate 

\l\ < k\xi - x 2 \, 

where \ I \ stands for the length of I . 

The set A is said to be 1-regular if it is 1-regular at any point pel. 

For a locally closed subanalytic subset A (see Definition ^ . 1 . 1 I for a subanalytic 
set), if A is 1-regular then, using the Curve Selection Lemma (see [5]), one proves 
that A is also 1-regular. Clearly, the converse does not hold. For example, let 
X = M 2 with coordinates (x,y), A = X \ {x = 0} is not 1-regular at any point 
in the set {x = 0}, but A = R 2 is 1-regular at every point. Moreover a 1-regular 
set is locally connected at every point in X, that is, for any there exists 

a family {Vi} of fundamental neighborhoods of p satisfying Vl D A is connected. 

Let (xi,X2, ■ • ■ ,x n ) be a system of coordinates of M" and V C K." a 1-regular 
relatvely compact open subset. Let us recall that, given s > 1 and h > 0, the 
space c tf s ' h (V) consists of / £ ^""(V) whose arbitrary partial derivative extends 
to a continuous function on V with the following growth condition. There exists 
C > such that, for any a £ (Z>o) n , 

(1.1) sup\D a f{x)\ < C7i |Q| (|a|!) s , 

xev 

where D a := (^) ai . . . (^f-)"" for a = (a 1; . . . , a n ) £ (Z> )». 

We denote by the set of functions / £ tf s < h (V) with D a f\ v ^ v = for 
any a £ (Z>o) n . The spaces c ta s > h (y) and @y h endowed with the norm 

\D a f(x)\ 

are Banach spaces. 

Given an open set U C K™, we set 

tf (s) {U) := lim ]jm<g a > h (y) , 

^ {s} ([/) := fimlim^ s '' l (F) . 
vmUh>o 

Here V runs through 1-regular relatively compact open subsets of U. 

In [5] (see also [M|), it is proved that, given open sets W, W C K™ and a real 
analytic isomorphism $ : W — > W, the morphism • o $ : C €*^W') — » r ^*{W) is 
an isomorphism. Hence, for an open subset [/ in a real analytic mamifold X, 
the set of ultra-differentiable functions ^*(U) is also well-defined. 

Let X be a real analytic manifold. One checks easily that If ^ and ^^ s ^ are 
sheaves on X. 

Definition 1.1.2. For a locally closed subset A in X , the image sheaf j a(^>*) C 
J a is called the sheaf of Whitney jets of class * over A, and we denote it by 
W* A . 
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1 Notations and review on Whitney jets and ultradistributions 



Note that W A is a sheaf of rings and a 2?x-module. By the partition of the 
unity, the definition of W A is equivalent to the following. Given F <G Ja{U), 
then F belongs to W* A (U) if and only if there exists / e C £*(U) with j A (f) = F. 

It follows from the definition that for any F E W* A (U) there exists an unique 
F € W^x(U) such that j AA (F) = F. Hence the restriction map 

3a,a ■■ Wa~( U ) "> W *a(U) 

is an isomorphism. 

Let A C K n be a locally closed set, U C M™ an open set and s > 1. We 
introduce two families of semi- norms on ^Ja(U). 
For h > and if C A n [/, set 

||F|| W := sup y^^L (F = {/ Q } Qe(Z2o) » € • 

aG(Z>„)" 

We define, for ft, > and K c Ant/, another semi-norm || • i on Ja{U) 
in the following manner. Given F = {/ Q } Qe (z > o)" G Ja{U) and /3 S (Z> )™ 

{/q+,3}q , 
|a| <m 

/o(z) - r m (F; x, a:') . 



and x,i'ein[/, we set 

SpF := 



Then ||F||^ ajft is defined by 

m! / gu |fl m (^ a F; s, z')| \ 

m>o P a (|a| + m + ljl-^lal+m+i ^J^^, |z - x'1"^ 1 J ■ 

The following characterization of W A can be found in [3] . 

Theorem 1.1.3. Let A C R™ oe a locally closed set and U C R n an open set. 

1. A jet F € Ja{U) belongs to W A \lf) if and only if, for any h > and 
am/ compact set K in U, \\F\\ An K, s .h < oo and H^H^xs/i < 00 

2. j4 jet F £ Ja(^) keZon^s to W A } (U) if and only if for any compact set K 
in U, there exists h > such that \\F\\AnK,s,h < 00 an d \ \F\\ A nK s h < ~°°- 

Let A c X = R n be a compact set. We set 

Wf\X) = {F e Ja(X); \\F\\ A , s , h + \\F\\™ sJl < oo} . 

Endowing W A h {X) with the norm || • \\ A ,s,h + II ■ ||^ s fe) it becomes a Banach 
space. It follows from Theorem 11.1.31 that 

W ( A ] {X) = limW% h (X) and 

h>Q 

W A s} (X) = limW^(X) . 

h>0 



1.2 Ultradistributions 
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It follows that W\(X) can be endowed with a locally convex topology by these 
projective or inductive limits. It is easy to see W\(X) is an FS space (resp. a 
DFS space) if * = (s) (resp. * = {s}) respectively. 

1.2 Ultradistributions 

For a complete presentation of the theory of ultradistributions, we cite |S]- 
Let X be a real analytic manifold. Let us recall that, given a sheaf F on X 

and [/clan open set, we denote by T C (U, F), the set of sections of F on U 

with compact support. 

Given U C R™ open, the locally convex topological vector spaces 2#*(U) and 

@ s > h (U) are defined as 

9 s ' h (U) := lim Sfr h ~T c (U^ s ' h ) , 

V(BU 

® {s \U) := lim lim ®ti h ~r o (l7, , 

KgC/ h>0 

2>^{U) := lim lim 3>^ h ~ L c ([/,<^ 5 >) . 
vec/ /i>o 

In [5] (see also [IB]), it is proved that, given open sets W, W C R™ and a real 
analytic isomorphism <I> : W — > W', the morphism • o $ : S>*(W') — > &*{W) is 
an isomorphism. Hence we can define f^* (J7) for an open set U in a real analytic 
manifold. 

Definition 1.2.1. 1. Let X be a real analytic manifold of dimension n. We 

denote by "¥* the sheaf on X of volume elements with coefficients in ff* , 

that is y* :— ® u>x ® orx, where u/^ (resp. A) is the sheaf of real 
A z 

analytic n-forms (resp. functions) on X , and orx is that of orientations 
on X. 

2. Let U be an open subset of X . The space of ultradistributions on U of 
class (s) of Bcurling type (resp. of class {s} of Roumieu type), or simply 
of class (s) (resp. {s}), denoted Vb^ (U) (resp. Vb^(U)), is defined as 
the strong dual space ofT c (U,Y^) (resp. T c (U,y^)). 

In [17], it is proved that Vb* is a sheaf on X . 

Given a closed set Z C X and F G Mod(Cx) denote by Tz(F) the subsheaf 
of F of sections supported by Z. 

If A is a compact subset of X — R™, from results of H. Whitney and J.- 
M. Kantor, it follows that the topological dual of W'X(X) is isomorphic to 
T A (X,Vb*). 

Definition 1.2.2. The presheaf of tempered ultradistributions of class * on X , 
denoted Vb*x , is defined by 

VVx(U) := T , r(X; J ? ^l \ , U C X open. 
Xy ' T x \ u (X;Vb*) 



Note that T>b^ is not a sheaf on X . 
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1 Notations and review on Whitney jets and ultradistributions 



In Proposition ll.2.3l below (originally due to H. Komatsu), we recall a sufficient 
condition for a continuous function to extend to R™ as an ultradistribution. For 
U an open subset of R™, we denote by Vb s ' l {U) the dual space of @ s > l (U), and 
by Li oc (U) the set of locally integrable functions on U. 

Proposition 1.2.3. Let U C K" be an open set and f E Li oc (U). Suppose that 
there exist positive constants h and C satisfying 



Then we have f G 

We need some technical results. 

Lemma 1.2.4. Let U be a relatively compact open subset o/R™. 

1. Let f € Li oc (U). If there exist positive constants I and M such that, for 
any ip g @ s ' l (U), 



then f extends to an ultradistribution in Db s ' l (M. n ). In particular, f be- 
longs to Vb { x ] \U). 

2. There exist constants C > and k > such that, for any I > and for 
any ip £ @ s ' l (U), the inequality 






holds for any x G U . 



Proof, (i). By the Hahn-Banach's extension Theorem the functional fyf-dx 
extends to ^ S <'(R™). 
(ii). Set 




and let y be a point in dU with \x — y\ = dist(a;, dU). Then we have 





As 




z=(x-y)t+y 




\a\=k 



1.3 An example 
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hold, we obtain 

\<p(x)\ < k(l\x - V \) k {k\) s M Y^-< (2nl\x - y^ikiy-Hl. 



\a\ = k 



Hence we have 



|^0)| < mi(2nl\x~y\) k (k\y- i M = inf e k k\ M 

k>l \ fe>l J 

where we set e :— (2nl\x — y\) j:rT = (2nl dist(ir, dU)) 7 ^ 1 . We may assume e < 1. 
Then, for an integer jo > 1 satisfying jo < \ < jo + 1, we get 

inf e k kl < e>"j \ < ( -) j \ < y/j^e^ 
fc>i \JoJ 



13 1 / 1 . 

< e 12 — p exp < 2e 12 exp - 



2c 



thanks to the Stirling formula 

j\ = V2^j j+ h~ 3+ ^ < < 1. 
This completes the proof. □ 



Proof of Proposition \ 1.2.31 Since the problem is local, we may assume that 
U is relatively compact. Lemma Tl. 2 .41 (ii) implies that there exists C > and 
K > such that, for any I > and for any ip G Qi s ' 1 (U), 

\f{x)ip{x)\ < C exp ( H i J M\u,s,i ■ 

Vdist(a;,9C/) s - 1 / 

If we take I > sufficiently small, then the conclusion follows from Lemma 

OH(i). 

□ 



1.3 An example 

Let I > 1. Set 

U x :={{x,y) el 2 ; y > x 2l+1 } 
U 2 := R X M< . 
Define a function m(x,y) G Li oc (Ui) (i = 1,2) by 

1 




Ui(x,y) := < 2: 2 ' +1 
U2(x,y) := for any G (72 



for (x,y) G C/i n (K x R >0 ) 
for (a;,y) G C/i n (K x R< ) 
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1 Notations and review on Whitney jets and ultradistributions 



By Proposition[L231 Ui € Vb^ l {Ui). Clearly u 2 £ Vb®*^). Asu^^n^ = 
u 2\iiinu 2 7 there exists u G Li oc (U\ U U 2 ) such that u\jj 1 = u± and u|[/ 2 = u 2 , but 
u ^ Vb^lJJi U U2) whose proof will be given later. 

It follows that tempered distributions do no glue on finite coverings of open 
sets with smooth boundaries. In particular, the presheaf T>b*x is not a sheaf 
on the subanalytic site relative to M. 2 (see Subsection 12.11 for the definition of 
subanalytic site). 

Among the purpose of this paper there is the attempt to overcome the 
difficulty presented in this example. We will define a subanalytic sheaf of 
stratified Whitney jets of Gevrey order. Then, we will define stratified ultradis- 
tributions. In the end, by means of stratified ultradistributions, we will define 
tempered-stratified ultradistributions and we will prove two results. The first 
states that, if A is a real surface, tempered-stratified ultradistributions define 
a subanalytic sheaf. The second states that the sections of tempered-stratified 
ultradistributions on open subanalytic open sets with 1-regular complementary 
coincides with sections of tempered ultradistributions. 

Now, let us prove that u £ Vb^^Ui U U 2 ). 

Set U := Ui U U 2 and D := {(x,y) G M 2 ; \x\ < 1, \y\ < 1}. Suppose that 
u G Pfe' 2 '*(C7). Then there exist positive constants C and h such that 



uipdx 



<ciMta,2 lh 



holds for any tp G (UCiD). Now applying Lemma lA.6l to the situation ip(t) = 
t 2 , s = 2 and K = {0} C R 2 , we obtain a family of functions {xe(x, y)}e>o 
satisfying the conditions 1., 2. and 3. of the lemma. Set 



D, ={~<x<~Q<y<x^ 



and 



Xe(x + 2e,y) _ exp(-e 2 )xe(x + 2e, y) 



C h exp(^(e-i)) C h 
where Ch > is the positive constant given in Lemma IA.61 1. Remark that 



I IV'el \~n 2 h — 1 bolds for any e > 0, and hence, 



uip e dx 



is uniformly bounded. 



On the other hand, for sufficiently small e > 0, we have 



ipe\D e = — exp(-e 2 ) , 



and 



exp 



1 



> exp 



in) ^ exp (' 



y — x 2l+1 J 1 \— 2x 2 
for some positive constant k > 0. Therefore we have 



-(21+1) 



((x,y)eD e ) 



/uip e dx > 
u Jd, 



uip e dx > — exp (-e~ 2 + ne (2; 1 ' 



dx — > 00. 



D,- 



which give a contradiction. Hence we conclude that u £ X>6< 2 )*(J7i U U 2 ). 
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2 Stratified Whitney jets and stratified ultra- 
distributions 

2.1 Review on the subanalytic site 

Let X be a real analytic manifold countable at infinity. 

Definition 2.1.1. 1. A set Z C X is said semi-analytic at x € X if the 
following condition is satisfied. There exists an open neighborhood W of x 
such that Z nW — U,- e j fljg j Z^ where I and J are finite sets and either 
Zij = {y G X; fij(y) > 0} or Z tj = {y G X; fij(y) = 0} for some real- 
valued real analytic functions on W . Further, Z is said semi-analytic 
if Z is semi-analytic at any x G X . 

2. A set Z C X is said subanalytic if the following condition is satisfied. 
For any x G X. there exist an open neighborhood W of x, a real analytic 
manifold Y and a relatively compact semi-analytic set A C X x Y such 
that tt(A) = Z (~l W , where -k : X x Y — > X is the projection. 

Given Zcl, denote by Z (resp. Z, dZ) the interior (resp. the closure, the 
boundary) of Z . 

Proposition 2.1.2 (See pQ). Let Z and V be subanalytic subset of X . Then ZU 
V , Z n V , Z , Z and Z\V are subanalytic. Moreover the connected components 
of Z are subanalytic, the family of connected components of Z is locally finite 
and Z is locally connected at any point in Z . 

Definition 2.1.3. 1. A family {A a } ae A of subanalytic subsets of X is said 
a stratification of X if {A a } ae \ is locally finite, X = |J A a and each 

A a is a locally closed subanalytic manifold. 

2. Given a locally closed subanalytic set A c X , we say that {A a } ae \ is a 
stratification of A if A is the disjoint union of the A a and there exists a 
stratification {A a } a( zi\xjA' of X finer than the stratification {A, X \ A}. 

3. Let A be a subanalytic subset of X, {A a } ae \ a stratification of A. Then 
{A a } a £A is called a 1-regular strafication if each stratum is 1-regular, 
connected and relatively compact. 

Proposition 2.1.4 (See [10]). 1. Let Z C X be a locally closed subanalytic 
subset. There exists a 1-regular stratification of Z. 

2. Let U C X be a subanalytic open set. There exists a locally finite open 
covering {Uj}j^j of U such that, for any j G J , Uj is a subanalytic 1- 
regular set. 

For the rest of the subsection we refer to [7]. 

We denote by Op(X) the family of open subsets of X. For k a commutative 
ring, we denote by Mod(kx) the category of sheaves of fc-modulcs on X. 

Let us recall the definition of the subanalytic site X sa associated to X. An 
element U G Op(X) is an open set for X sa if it is open, relatively compact 
and subanalytic. The family of open sets of X sa is denoted Op c (X sa ). For 
U G Op c (X sa ), a subset S of the family of open subsets of U is said an open 
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2 Stratified Whitney jets and stratified ultradistributions 



covering of U in X sa if S C Op c (X sa ) and, for any compact K of X, there exists 
a finite subset So C S such that K n (Uy e s V r ) = K C\U. The set of coverings 
of t/ in X, a is denoted by Cov sa (U). 

We denote by Mod(fcx sa ) the category of sheaves of fc-modules on the sub- 
analytic site. With the aim of defining the category Mod(/cx sa ), the adjective 
"relatively compact" can be omitted in the definition above. Indeed, in (3 Re- 
mark 6.3.6], it is proved that Mod{kx sa ) is equivalent to the category of sheaves 
on the site whose open sets are the open subanalytic subsets of X and whose 
coverings are the same as X sa . 

Let PSh(fcx so ) be the category of presheaves of k- modules on X sa . Denote 
by for : Mod(fcx SQ ) — > PSh(fcx, a ) the forgetful functor which associates to a 
sheaf F on X sa its underlying prcshcaf. It is well known that for admits a left 
adjoint - a : PSh(fc Xs J Mod(fc Xa J. 

For F G PSh(fcx sa ), let us briefly recall the construction of F a . 

For U G Op c (X sa ) and S G Cov sa (U), let F(S) be defined as the kernel of 
the morphism 

J[F(U) — [] F (unv) 

ues u,ves 

{su}ues 1 — * {su\unv — sy\unv}u,ves ■ 

If S' G Cov sa (U) is a refinement of S, then there exists a natural morphism 
F(S) — ► F(S'). 

Now, for U G Op c {X sa ), set 

(2.1) F + {U) := lim F(S) . 

SGCov sa (C7) 

It turns out that F a ~ F ++ . 

The following Lemma is an immediate consequence of the defmtions above. 

Lemma 2.1.5. Let T C Op(X sa ) be such that for any U G Op(X sa ) there 
exists S G Cov sa (U), such that S d T . Let F,G G PSh(fcx 3a ) anrf suppose that 
there exists a morphism of presheaves (p : F — > G such that, for any V G T, 
ip v : F{V) A TTien F a ~ G a . 

We denote by 

f? : X — ► X sa , 

the natural morphism of sites associated to Op c (X sa ) — > Op(X). We refer 
to [7] for the definitions of the functors : Mod(fcx) — ► Mod(kx, a ) and 
g -1 : Mod(fcx sa ) — ► Mod(kx) and for Proposition 12. 1.61 below. 

Proposition 2.1.6. 1. The functor g^ 1 is left adjoint to p*. 

2. The functor g~ x has a left adjoint denoted by g\ : Mod(fcx) — > Mod(fc x , a )- 

3. The functors g^ 1 and g\ are exact, g* is exact on constructible sheaves. 
4- The functors g* and g\ are fully faithful. 

Through g*, we will consider Mod(fcx) as a subcategory of Mod(kx sa )• 
The functor g\ is described as follows. If U G Op c (X sa ) and F G Mod(fcx), 
then g\(F) is the sheaf on X sa associated to the presheaf U i— > Fulj. 
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2.2 Stratified Whitney jets 

Let A be a locally closed subanalytic subset in a real analytic manifold X and 
U C X an open subset. Let us define the sheaf SW* A of stratified Whitney jets 
of class * over A. 

Definition 2.2.1. 1. We say that F G Ja{U) is a stratified Whitney jet 
of class * over A in U if for any compact subanalytic set K in U there 
exists a subanalytic stratification {A a } a ^A of A such that jA a nK,A(F) G 
^l a nif(^) holds for any a G A. 

2. We denote by SW* A {U) the set of stratified Whitney jets of class * over A 
in U . 

It is easy to verify that SW* A is a sheaf on X. 

Example 2.2.2. Later we will prove that, if the set A is 1-regular, then W A — 
SW A . However, in general, W\ and SW A are different. For example, let m > 2, 
X = R 2 with coordinates (x, y) and 

B = {{x, y) g R 2 ; y = 0, x > 0} , B m = {(z, y) G M 2 ; y = x m , x > 0} . 

Set A = B U B m . We define the jet F = {f a } G Ja (X) by: 

(x, y) G B m 



fa(x,y) 



d a ( 1" 

^exp --) (x,y)eS 



Then F G 5W^ 2} (X), but F ^ W { A } {X). As a matter of fact, if F G W^ 2} (AT), 
then we can find F = {f a } a G 5W^ 2} (AT) with 3 9 d,d{ F ) = F where 

(2.2) D = {(x, y) G M 2 ; < x, < y < x m } . 

By applying Lemma IA.3I to F and D with the 1-regular stratification {D \ 
dD, B \ {0}, B m \ {0}, {0}}, we have constants C, I > satisfying 

|/o(a;, 0)| = |/oM)| < Cexp (—t-) (x > 0), 



which is impossible. 

We can also give the similar example on an open subanalytic set: Set U 
X \ D (D was given by ([Ml)), and define the jet G = {g a } G Ju{X) by 



(x,y)GC/\{x>0, y<0} 

d a ( 1\ 

■ exp (x, y) e {x > 0, y < 0} 



9a(x,V) 

dx a y \ x , 

Then G G 5W^> 2} (X), but G £ W^, 2} (A). The reason is the same as that for 
the first example. 

Remark 2.2.3. 1. We cannot expect SW^(X) = SW A (X) on the contrary 
to W^(X) = W A (X). For example, consider the case X = M 2 with coor- 
dinates (x, y) and A — X \ {x = 0}. 
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2. We have the equivalence, for every F G Ja{U), 

3A a nKAF)&W* AanK {U) ^ Jcio SA (A a nK),A(F)eW* cloSA(AanK) (U) 

where c\osa(B) denotes the closure of the set B in A. Hence, in Definition 
\2.2.1[ the condition 

"jA a nK,A(F) G W* AanK (U) for any a G A" 

can be replaced with 

" JclosA {A a nK)A F ) G Wclos A (A a nK)( U ) f° r an V a € A " 

In particular, if A is a compact subanalytic subset in X , then F G SW A (X) 
if and only if there exists a stratification {A a } ae \ such that j A A {F) G 

The sheaf W A is a subsheaf of SW A , and SW A is a sheaf of rings and a T>x~ 
module. Further, W* A and SW A are ^-modules and soft sheaves. If {A a } a& \ 
is a stratification of A, then we denote by SW^ A i the subsheaf of SW* A defined 
by: 

S W{A a }{U) = {F G Ja(U); j Aa ,A(F) G W1JC/) for any a G A} . 

Lemma 2.2.4. Let A be a locally closed subanalytic subset in X , and let {Ai} i=1 
be a finite family of locally closed subanalytic subset in X with A = UAi . We 
assume that every Ai is a closed subset in A, or that every Ai is open in A. 
Then the sequence of sheaves 

(2.3) -» sw* A -> e sw* Ai - © 

is exact. 

Proof. The injectivity of the second morphism of (|2.3[) is clear. 

Under the condition that every Ai is closed (or open) in A, the sequence of 
sheaves of jets 

-> Ja -> © Ja, -» © ^Airu. 

l<i<fc \<i<j<k 

is exact. Let J7 be an open subset and K a compact subanalytic subset in U , 
and let Fi G 5VV^(t7) with jA^nA^A^Fi) = J4,nA„A,(fj). Then by the above 
exact sequence we can find a jet F G Ja(U) with ]Ai,A{F) = -Pi- To conclude 
the proof let us show that F G SW A (U). 

As G SW AA (U) there exists a stratification {Aa }a of Aj such that 
■^A^'nK A ^ ^4 (i) nif^^' ^ we ^ a ^ e a s t ra tification {A Q } of A finer than 

any partition {{A^} a , A \ A,} of A, then we have jA a nK,A t { F i) G W^nif (f 7 ) 
for any stratum A Q with A Q C Aj. Hence, for each A a we conclude 

jA.mf.AC-F') = iA a nK,AAFi) G W^ nA -(J7) 
where the index i is taken so that A a cA. □ 
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Remark that, in general, the sequence 



i<i<fe i<i<j<k 3 

is not exact. 

The following lemma is fundamental. 

Lemma 2.2.5. Let X = R™ and A a locally closed subanalytic subset in X . For 
any F = {/«} € SW* A {X) and any subanalytic curve I C A joining x.x' e A, 
we have 



(2.4) 



z, < sup \f a (y)\ 

m - \a\=m+l 

y ei 



where \l\ denotes the length of the curve I. 

Proof. We recall the following formula of [TB]- Let I C A be a subanalytic curve, 
for any x\,x 2 , £3 € Z 



T m (F;xi,x 2 ) -T m (F;xi,x 3 ) = ^ 

l/3|<« 



R m -\/3\(S/3F-X2,x 3 ) g 

— L - L -^ [xi - x 2 y 



Noticing that 



R m -\p\{SpF;x2,x 3 ) = ^2 



(a; 2 -a;3) 7 +i? m _| / 3| + i(5 / 3F;a;2,a:3) , 



|7|=m-|/3|+l 



we have 



|T m (F; xi, x 2 ) - T m (F; 11,353)! < ^ E 

\/3\<m | 7 |=m-|/3| + l 



//3+7O3) 



E 

|/3|<m 



/3! 7 ! 

•Rm-|/3|+i(S , /3-F;x 2 ,x 3 ) 



(xi - x 2 ) l3 (x 2 - x 3 y 
{xx-x 2 f 



The first term is estimated as follows. Suppose that x\, x 2 , x 3 are in a sequential 
order along I, then we have 



E E 

\0\<m\-y\=m-\/3\+l 



!e±i^ {xi -x 2 n X2 -x 3 y 



< sup |/ a (j,)| )[J2\(x 2 -x 3 ) k \) Y, 



. y£l , |a| — m+1 



— (xi -a^O^-a^)" 



(v^) r 



< sup \f a {y)\ \Vn\x 2 -x 3 \ : — (|xi - x 2 \ + \x 2 - x 3 



< 



\ y£l, \cx\— m+1 



ml 



ml 



sup \f a {y)\ \x 2 - x 3 \ 

y&,\a\=m+l I 



Since I is compact, we may assume that A is compact. Then, by the definition 
of SW A , there exists a stratification {A r } r of A such that for any r we have 
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j-£ A (F) G (X). It follows from Theorem 1 1 . 1 . 31 that , for any r, there exists 
a constant C T such that 

\R m - m+1 (SpF; Xl ,x 2 )\ < C T \xi - x 2 \ m -W +2 

holds for any < \f3\ < m and x\ x 2 £ A T . As the number of strata is finite, it 
makes sense to set 

C := maxCV . 

r 

Remark that the constant C depends on I, m, F and A and it does not depend 
on x\ and x 2 . Now, the second term is estimated in the following way. If 
^2,2:3 G I belong to the closure of a same stratum, then 



\P\<m \P\<m 

|/3|<m ^' 

< e"C|Zr|x 2 -x 3 | 2 . 

Now we take points x = xq, Xi, . . . , Xk — x' sequentially in the curve I so that 
each pair Xj and Xi+i belong to the closure of a same stratum (0 < i < k — 1). 
Then 

\f (x)-T m (F;x,x')\ 

< \T m (F;x ,x ) - T m (F;x ,xi)\ + \T m (F;x ,xi) - T m (F; x , x 2 )\ 

H h \T m (F;x ,x k -i) - T m (F;x ,x k )\ 

< ^ l+ y m ( sup \fa(v)\]^2\Xi-X W \ 

m\ \yeL\ a \=m+l J ^ 

fc-1 



e n C\l\ m sup \xj - x i+ x\ \xj - x i+ i\. 



When k tends to 00 , then the first term in the right hand side converges to 

OI*l) m+1 ( N 



1.1 



SUP I /a (2/) I 
, j(£i,|a|=m+l 



and the second term tends to 0. 

The conclusion follows. □ 

Corollary 2.2.6. Let X — K™ and A a locally closed 1-regular subanalytic 
subset in X. Then for any subanalytic open set V C X and any compact 
subanalytic set K C V there exists K > such that, for any h > 0, there 
exists Ch > satisfying 

\\F\\KnA, s,nh - Ch\\F\\y nA s h 

for any F G 5W^(1). 
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Proof. By the definition of 1-regular, there exist a constant M > and a finite 
family {Vi} of open subsets in X such that K C UK: C V and, for any i and 
Xi,x 2 € Vi C\ A, there exists a curve 2 C A n V joining x\ and x 2 satisfying 
\l\ <M\ Xl -x 2 \. 

Then, there exists a positive constant S > such that for any x,y € K with 
\x — y\ < S, there exists i such that x, y € Vi. 

First, assume that Xi,x 2 S K A satisfy \xi — x 2 \ < 5. Then, there exists a 
path I C K n A joining x\ and x 2 such that |/| < M|xi — x 2 \. Then, Lemma 
12.2.51 implies that 

\Rm(SgF; xi,x 2 )\ < max sup\f a (y)\ 

ml \a\=\0\+m+l yf =i 

< flfl +m + l)l s hW+^\\F\\ VnA ^ h \ Xl - sal"**. 

Moreover, we can suppose ^JnM > 1. Hence, if |a; — ?/| < 5, we obtain 

H^llxnA^v/nM/i — 11-^1 \vnA,s,h ' 



Now, assume that xi, £2 6 AflJf satisfy |xi — a; 2 | > S. For h' = (n + l)h, 
we have 

m!|i? m (S' /3 F; xi,x 2 )| mld/g^i)! + ^(S^F; xi, x 2 )\) 



h'M +m+1 (\0\ +rn + l)! s |a;i - x 2 \ m+1 ~ h'W+ m+1 (\P\ +m + l)! s |a;i - x^ 1 
< v mllP + ^h^x.-x^ 

- II Wv,s,h 2^ ft'l/s|+»»+i(| i S|+ m + i)!« 7 !|aj 1 -x 2 |"*+i 

|7|<m 

" ^^^"ft'lan-aral (n + 1)™ ' 

i 1 

• E 



(to - | 7 |)! 7 ! (to - ^DH-^/ilxi - x 2 |) m -lTl 

|7|<m 

<2||F| ks ,4exp(^)^) I -i- £ 



( n + l)m Z_, ( m _| 7 |)! 7 l 

|7| <m 



= ^exp(a(M)-)||F||^ 



h'S 

where a — — J^-. The conclusion follows. □ 
s— l 

Let I = l",ylcla compact subanalytic set and F G 5W^(X). Since A 
is compact, the number of strata of a stratification of A is finite. Hence for any 
h > (resp. some h > 0) we have ||F||yi iSi /, < oo if * = (s) (rcsp. * = {s}) 
respectively. Set 

(2.5) SWX h (X) := {F e SW* A (X); \\F\\ AiSth < oo}, 

and endow SW A h {X) with the topology induced by the norm || • 1 1>4 Then, 
algebraically, we have 

SW A s \x)^lunSW A %(X) 

h>0 
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and 



5Wl s} (X)c,lim5wS(X). 

h>0 



Therefore, SW A (X) can be endowed with a locally convex topology induced by 
these projective or inductive limits. 

Proposition 2.2.7. Let X — R n and A a 1-regular compact subanalytic subset 
in X . Then 

W* A (X) = SW* A (X) . 

Moreover, these spaces are topologically isomorphic. In particular, SW A (X) is 
an FS space if * = (s), and a DFS space if '* = {s}. 

Proof. In Corollarv l2.2.61 choose K as A and V as an open subanalytic subset 
containing A. Then we have 

\\nXs, K h<c\\F\\ A , Sth . 

The result follows. □ 

Proposition 2.2.8. Let X be a real analytic manifold and A a locally closed 
subanalytic set. If A is 1-regular at p € X , then W A — SW A . 

Proof. Note that for any pflwe have 

W\ p = limW* AnW (X), SWX P - lim<SW* nF (X). 

peu P eu 

Further, we have 

w* AnV (x) c sw AnTJ (x). 

On the other hand, for any sufficiently small open subanalytic neighborhoods 
Ui DD U 2 DD U^oip, Corollarv l2.2.6l implies that the restriction map SW A jj (X) 

SW* -rf (X) factorizes through W* r? (X). Hence the following diagram com- 

Anu3 A0U2 



mutes 



SW* - (X) — ► W* - (X) 

\ I 



The conclusion follows. □ 

Corollary 2.2.9. Let X be a real analytic manifold, A C X a locally closed 
subanalytic set and {A a } a 1-regular stratification of A. Then, SW* A = SWt A j. 

Proof. The result comes from the fact that for any stratum A a , we have 
.U a ,A(SW* A )cSW Aa =W Aa . 

□ 

Corollary 2.2.10. Let X be a real analytic manifold, and let A\ and Ai be 

closed subanalytic subsets, or open subanalytic subsets in X. If A\ PI A2 is 1- 
regular at p £ X, then the sequence 

(2.6) - SW* AlUA2 , p SW* AuP © SW* A2 ^ p - SW\ inA2:P - 
is exact. 
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Proof. By Lemma l2\2.4[ it is sufficient to prove the surjectivity. Since SW\ inA2 = 
y^AinA 2 holds, the result is clear. □ 

The condition U A\ [HA2 is 1-regular" in Corollarv l2 . 2 . 1 01 is too strong. Indeed, 
if &m\X — 2, and if A\ and A2 are closed subanalytic subsets, then (|2.6ll is 
always exact, see Theorem 13.1.41 We also note that, in the case of dimX > 2, 
we can find an example in which the surjectivity of the third morphism of (|2.6[) 
does not hold. 

Lemma 2.2.11. Let X be a real analytic manifold and A C X a compact 
subanalytic set. Then SW^ (X) (resp. SW^ (X) ) can be endowed with an 
FS (resp. a DFSJ locally convex topology. Moreover if A is a finite union of 
compact subanalytic sets B±, . . . , Bk, then the canonical morphism 

l:SW*AX)^ ffi SW* B \X) 

l<i<k 

becomes an injective homomorphism of locally convex topological vector spaces. 

Proof. Let {A{\ be a 1-regular stratification of A satisfying the following con- 
dition. For each stratum Ai, there exist an open subset U C X containing At 
and isomorphism ip, : U — ► V for some open subset V in W l . 

It follows from Lemma \2. 2. 41 that the following sequence is exact, 

- SWX(X) © «SW± (X) - © m (X) c © 5Wl n3 (X) 

l<i<k 1 l<i<j<k 1 J l<i<j<k 1 3 



We can consider the sets Ai as 1-regular compact subanalytic subsets of 
Hence SWX (X) has an 
12.2.71 and the morphism 



Hence SVVi (X) has an FS or a DFS locally convex topology by Proposition 



© 5m (x) = © w4 (x) -> © m nT (x) 

is continuous for such topologies. We endow SW\{X) with the induced topol- 
ogy. By the exactness of the above sequence, the topological space SW\{X) is 
a closed subspace of © (X). Therefore SW* A (X) is an FS or a DFS 

l<i<k Ai 

space. 

One can check that another choice of 1-regular stratifications and morphisms 
ipi induces an equivalent topology. Indeed, by considering a 1-regular strat- 
ification finer than those, we can reduce the problem to the following claim: 
Let A C R™ be a compact 1-regular subanalytic subset and Ai C A(c K n ) 
(i = 1, 2, . . . , k) compact 1-regular subanalytic subsets with A — UAi. Then the 
canonical morphism 

f.SWX(X)^ © SWUX) 

l<i<k 

is a homomorphism of locally convex topological vector spaces. 

If * = (s), then these vector spaces have FS topologies and the image of 
1 is closed by Lemma 12.2.41 Hence the claim follows from the open mapping 
theorem. 

Now, let us prove the claim for * = {s}. Since a DFS space is bornological, it 
suffices to show that for a sequence {xj}jg$ C SW^ (X) with o(xj) — > (j — > 
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oo), the sequence {xj} also tends to 0. Since {i{xj)} is bounded in the DFS 
space 8 SW[ S} (X), there exists an h > with l(x 3 ) e 8 SW^ s} h (X) for 

l<i<k 1 l<i<k 15 

any j. Then, as A — UAj, we have the estimate 

k 

\\x\U,s,h < \H X )\\Ai,s,h, 
i=0 

and from which the claim follows. 

The last assertion in the lemma can be proved in the similar way. □ 

If X = R", A C X a compact subanalytic set and * = (s), the FS topology 
in SWa\x) is described as follows. Given a sequence {F n } C SW^ (X), one 
has that 

lim F n -> H-FnlU^/i for any ft > 0. 

n — >oo 

Note that the convergence in (X) is defined in the following way. Given a 
sequence {G„} C W^{X), 

lim G„ -» <=► ||G n |U,»,fc -» and ||G„||^ h -» for any ft > 0. 

n — >oo 

These two topologies coincides if A is 1-regular. 



2.3 The subanalytic sheaf of the stratified Whitney jets 

Let X be a real analytic manifold. The subanalytic presheaf of stratified Whit- 
ney jets of class * is defined by 

SW* X JU) :=5W^(X) , 

where U is a subanalytic open subset of X. 

It follows from Lemma \2 . 2 . 41 that SW X is a subanalytic sheaf in X sa . Since 
r(£/,X> x ) acts on SW^(X), SW* Xsa is a piX^-module. 

Proposition 2.3.1. If U <Z X is a 1-regular open subanalytic set, then 

K*{X) 



SW* X (U)=W?,(X)~WUX) 



where X* x y denotes the subsheaf of c &* consisting of functions vanishing on U 
up to infinite order. 

Corollary 2.3.2. For U € Op c (X sa ), set W* x (U) := Wjj(X). Then W^ a ~ 

Proof. It is sufficient to combine Proposition ^ .3 . ll Lemma r2.1.5l and Proposition 
[2X1 □ 
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2.4 Stratified ultradistributions 

Let X be a real analytic manifold, A a closed subanalytic subset in X and let 
T>b* denote the sheaf of ultradistributions of class *. For any stratification {A a } 
of A, let us define stratified ultradistributions along 

Definition 2.4.1. An ultradistribution u € T>b*(U) is said to be stratified along 
{A a } in U if u can be written in the form: 

u = J2^ a , u a eT A jU,Vb*). 

a 

We define the sheaf of stratified ultradistributions of class * along {A a } as 
SVb\ Aa} {U) := {u e Vb*(U); u is stratified along {A a } in U} . 
For a stratification {A' a } finer than there exists the canonical morphism 

SVb\ A , a} (U) ^ SVb\ Aa} (U) . 
We define the sheaf of stratified ultradistributions of class * along A as 
SVb\ A] {U):= lim SVb\ Aa} {U) . 

stratification 
{A a } of A 

Since for any stratification {A a } there exists a 1-regular stratification finer than 
{A a }, we have 

SVb\ A] {U)= lim SVb\ Aa} {U). 

l-rcgular stratification 
{A a } of A 

There exists the canonical injective sheaf homomorphism 

SVb\ A] ^T A {Vb*) . 

This morphism is not surjective in general. The following lemma follows easily 
from the definition. 

Lemma 2.4.2. Let X be a real analytic manifold, and let Ai, . . . , Ai be closed 
subanalytic subsets in X. Then the sheaf homomorphism 

@SVb\ Ai] - SVb* [uAA 

is surjective. 

Remark that, in general, the middle of the sequence 

o - svb\ AinM - SVb\ M] @ SVb\ M] - svb\ MUM] - 

is not exact. 

Theorem 2.4.3. Let X be a real analytic manifold, and A C X a compact 
subanalytic set. Then, algebraically, we have 

SVb* [A] (X) ~ (SW A ®Vx(X))' 

A 

where (SyV A <S)Vx(X)y denotes the topological dual space of SW A ®Vx{X) and 
A A 

Vx designates the sheaf of volume elements in X , i.e., lu^ <g> orx- 
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Proof. The continuous morphism j A '■ ^*(X) — > SW A (X) induces the rnor- 
phism 

3a ■ {SW A ®Vx(X))' - (tf*®Vx(X))' c D6*(X). 
.4 .4 

For any ip(x) £ ^""(X) with supp^) n A = 0, we have ^(^(aO) = 0. Hence 
im C r A (X, £>&*). Moreover since j'aC^PO) is dense in SW* A (X) by Propo- 
sition the morphism 

& : {SW A ®Vx(X))' r A (X, £>&*). 
.4 

is injective. 

Let Ai, A2, • • • , Ai be closed subanalytic subsets in X with UA^ = A. If we 
prove that, for each i, 



then 



j Ai ((SW Ai ®Vx(X))')=SVb* [Ai] (X) 

A 



j t A {{sw* A ®Vx{x))') = sm\ A] {x) 

A 1 ' 



follows from the following commutative diagram 



1 I 

®(sw* A .®Vx(x)y — ► (sw A ®v x (x)y — ► 

* A A 

i i 

(2.7) ®r Ai {x,vb*) — ► r A (x,w) 
T T 

T T 


The first row of (|2.7[) is exact since 

5Wl«Vx(X) -> ®5VV^.®Vx(-X') 
.4 1 .A 

is an injective homomorphism of locally topological vector spaces by Lemma 
12.2.111 The third row of (|2.7p is exact by Lemma 12.4.21 All vertical arrows of 
(|2.7p are injective. 

By these observations, we can reduce the problem to the case X = K n and 
A C X is a compact subanalytic set. First recall that if B is a compact set in 
R", then it follows from the result of Whitney and Kantor that 

j* B : (W B (X))' ~Y B (X,Vb*) . 

Let {A a } be a 1-regular stratification of A. Let us consider the following com- 
mutative diagram 



I 

— W* A (X) — > SW* A (X) 

I i 

©W± (X) ~ ®5W^ (X) . 



2.4 Stratified ultradistributions 
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Here the first horizontal arrow is injective and has a dense image by Proposition 
IA.7I Since each A a is 1-regular, the second horizontal arrow is topologically 
isomorphic. The second vertical arrow is an injective homomorphism of locally 
convex topological vector spaces. Then taking the dual of the diagram, we have 



T 

r A (x,vb*) A- (sw* A (x))' < — o 

T T 

®T A jx,vb*) ~ ®(sw^ a (xyy. 

Hence we can conclude 

(2.8) MSW A {X))>) = lm(®T lia {X,Vb*)) = SVb\ Aa} {X) 
for any 1-regular stratification {j4 q } of A. In particular, we obtain 

(2.9) MSW A (X))>) = lim SVb\ Aa} {X) = SVb* [A] (X). 
The conclusion follows. 

□ 

Corollary 2.4.4. Let X be a real analytic manifold, A C X a closed subanalytic 
set. If {A a } is a 1-regular stratification of A, then we have 

SVb* [A] =SVb\ Aa} . 

In particular, if A is 1-regular at p £ X, then we have 

(sVb* [A ^ p = (T A (Db*)) p . 

Proof. Set Z{Ap) := _ U A 1 . For any p 6 Ap, since Z(Ap) is a closed 
neighborhood of p in A, we have 

(svb* {Aa} ) p = (svbi Aanz(Afi)} ) p , (svb* [A] ) p = (svb Unz(Afi)] ) p . 

Hence we may assume that A is compact. Since ST>b^ C ST>b*^ A j, it is enough 
to show that 

(svb U] ) p ^(svb Uc[} ) p 

is surjective. By the softness of the sheaf ST>b*^ A 

svb\ Aa] {x) ^ (svb\ Aa} ) p 

is surjective. Hence it is sufficient to show ST>b*^ A y(X) = ST>b? A JX). This 
follows from the equations (|2.8[) and (|2.9|) . □ 

Corollary 2.4.5. Let X be a real analytic manifold, A\,Ai C X closed suban- 
alytic sets. If Ai n A2 is 1-regular at p € X, then the sequence 

(2.10) - SVb* [AinA2lp - SVb* [Allp © SVb\ M]tP - SX^u*,]* -> 
is exact. 
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3 Subanalytic sheaves on real surfaces 



Proof. The injectivity is clear, and the surjectivity comes from Lemma 12.4.21 
The exactness of the middle follows from 

svb* lAi] nsvb* [A2] cr AinA2 (vb*) 

and T AinA2 (Vb*) = SVb* [MnA2] at p. □ 

Similarly to the exactness of (12. 6|) . the exactness of (|2. 10|) holds if dimX < 2 
without the assumption of 1-regularity on A\ H^. 

If A is a compact subanalytic, then ST>b*^ (X) is equipped with the strong 
dual topology of the locally convex topological vector space SW A (X). Then 
ST>b* A ^(X) is a DFS (resp. an FS) space if * = (s) (resp. * = {s}) respec- 
tively. Since SVb* A ^(X) and T A (X,Vb*) are reflexive, SVb^(X) is dense in 
T A (X,Vb*). 



3 Subanalytic sheaves on real surfaces 

In this section we are going to study in detail the extension properties of 
stratified Whitney jets on real surfaces. 

3.1 On the exactnesses of ( 12.61) and f )2.10p in dimension 2 

Throughtout the subsection X is a real analytic manifold of dimension 2, unless 
otherwise specified. 

Definition 3.1.1. Let A a X be a closed subanalytic set. We say that a 1- 
regular stratification {A a } of A is good if every A a is topologically isomorphic 
to D dlvnv - Aa as a topological manifold with the boundary, where D k denotes a 
closed unit disc in M. k . 

By |10j . for any stratification {A a } of A, there exists a good 1-regular stratification 
finer than {A a }. 

Lemma 3.1.2. Let A C X be a closed subanalytic set, {A a } a good 1-regular 
stratification of A. For any A a with 6iu\A a = 2, the restriction map 

SWZ\A a (X)->SW* a \ Aa (X) 

is surjective. 

Proof. Let A a satisfy dimA Q = 2. Set Z :— A a \A a and let {Zp} be the induced 
good 1-regular stratification of Z. For any p and e > 0, D t (p) designates the 
closed disk with center p and radius e. By the partition of unity, it is enough to 
show that for any p G Z, there exists e > such that 

SW* Dtip) \ A jX) ^ SW* ZnDe{p) (X) 

is surjective. 

If p £ Zp with dimZg = 1, then Z n D e (p) is 1-regular for sufficiently small 
e > 0. The result is clear in this case. 

Suppose, now, Zp — {p}. Since Z is topologically trivial, there exist only two 
strata Z\ and Z-i such that dim Zi = 1 and p G Zi (i = 1, 2,). Let e > be such 



3.1 On the exactnesses of (|2.6p and (|2.10|l in dimension 2 
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that Z\ and Z2 cross dD e (p) transversally and any stratum other than Z\ , ^2 
and Z/3 does not intersect with D e (p). 

Since A a is 1-regular, the angle between the tangent lines of Z\ and Z2 at 
p in the side of D t {p) \ A a is positive. Hence, if e is sufficiently small, then 
there exists q <E dD t (p) \ A a such that the segment I from p to q is contained 
in D e (p) \ A ai and that Zi is not tangent to I (i = 1, 2). One checks easily that 
D e (p)\(lLiZiLSZ2) has three connected components, one of whose is A a r\B € (p). 
Denote by W\ and W2 the other two connected components. The sets W\ and 
W2 satisfy 

1. FinF 2 = ; and W 1 UW 2 = D e {p) \ A a , 

2. the boundary dWi of consists of Zi, I and a part of the circle, in 
particular, Wi and c?Wj are 1-regular (i = 1,2). 

Let F € 5yV2nD c ( p )(^)- For sake of simplicity, we assume that F\ Z& = 
and F\ zndDcip) = 0. C Then, we define F z € SW* 9W .{X) (i = 1,2) by 



if x e Zi 
if x $ Zi 



Since dWi is 1-regular, we can find a function ipi{x) S (X) such that jdWi {Vi) = 
Fi. Noticing 

the jet 

belongs to SW* Dc(p)XAa (X), and G(x)\ ZnDt{p) = F. □ 

By the similar arguments as in the proof of Lemma 13.1.21 we can also prove 
the following lemma. 

Lemma 3.1.3. Let A C X be a closed subanalytic set, {A a } a good 1-regular 
stratification of A. For any A a with dimA Q = 2, we have 

SVb lA a \A a] ( X ) = S Vh [X\A a] {X) n ^A a \A a (X, Vb*). 

Theorem 3.1.4. Let Z\,Z2 C X be closed subanalytic sets. The sequence 

(3.1) -> sw* ZlUZ2 -> sw* Zl e SW£ 2 -> 5Wl inZ2 -> 

is exact. 

Proof. Since it is a local problem, we may assume that X — M 2 and Zj is 
compact. Set Z := Z\ U Z 2 . Let {Z a } ae A be a good 1-regular stratification of 
Z\ U Z 2 finer than the partition {Z\ U Z 2 , Zi, Z 2 , Zi fl Z 2 }- Note that A is a 
finite set. 

We will prove the assertion by induction of the cardinality of A. 
By Lemma 12.4.21 it is enough to show the exactness of the sequence 

sw* Zl (x) e sw* Z2 (x) - sw* ZinZ2 (x) - o. 
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3 Subanalytic sheaves on real surfaces 



Let (3 £ A be such that 

dim(Zi U Z2) = dim Zp . 

For i = l,2, set 

Z[ := Zi \ Zp . 
Note that Z[ is a closed subanalytic set and 

(3.2) z p cz t => z\ nz = dZp (i = 1,2). 

The sequence 

SW Z ,(X) 8 SW* Z ,{X) - SW|, nz ,(A:) = 5W ( * ZinZ3)XZ/3 (X) - 

is exact by the induction hypothesis. 

Let F £ tSW^jn^, (AT)- For sake of simplicity, we assume 

F\z, = • 

It follows from the above exact sequence that there exist F\ £ 6>yV?j< (X), F 2 G 
(X) such that 

^i|(Zin2 2 )\Zjs _ ^l^nZaJV^jB = • F l(z 1 nz 2 )\z /3 • 

Suppose 2]g C Z\. Then if dim(Z l g) = 2, by Lemma [3.1.21 there exists F £ 
SW ( Zl uz 2 )\z ( X ) such that 

F\dz = Fi\azf, ■ 

Moreover, if dimZ^ < 2, then dZp consists of isolated points, hence there exists 
F £ SW* {ZiUZ2)XZfj {X) such that F\ dZp = Ft\ dZfi . 
Set 

Fi := Fi — F\ Z ' 1 , F 2 := F 2 — F\z 2 ■ 

Remark that 

Fi\( Zl nz 2 )\z l3 ~ F 2 \(z 1 nz 2 )\z l3 = F\^ Zl nz 3 )\z fi ■ 

Taking (|3.2p and F±\gzg = into account, we can extend F± to an element 
of SW* Z (X) by zero (i.e. the zero extension). Now, if Zp n Z 2 = 0, then 
Z 2 = Z2 and the result follows. Otherwise, suppose Zp C Z 2 , then, since 
F\az = Fi\dz = 0, we have F^\dz = 0. Hence F 2 is regarded as an element 
in SW Zo {X) by the zero extension. 

The conclusion follows. □ 

In general, for open subanalytic subsets U\ and U 2 , the sequence 

-> SW£ lUt/2 -> © SW* U2 - 5W^ inC/2 -> 

is not exact, indeed the surjectivity does not hold. The lack of surjectivity is of 
topological nature and it comes from the fact that RHom( l Cjj 1 tju 2 , Cx) is not 
necessarily concentrated in degree 0. 



3.2 Stratified and tempered-stratified ultradistributions 
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Corollary 3.1.5. Let Zi,Z2 C X be closed subanalytic sets. The sequence 
- SVb* [ZinZ2] -> 52?6f Zl] ffi SP&fo - 5P6f ZiUZ2] -> 

is exact. 

Proof. Since it is a local problem, we may assume that X — K 2 and is 
compact subanalytic. It suffices to show the exactness of the sequence: 

- 5P^ inZ2] (X) - 52?6f Zl] (Jf) 8 SVb* [Z2] (X) -> 5P^ iUZ2] (X) -> 0. 

Then the injectivity is clear, and the surjectivity follows from Lemma 12.1.51 
Using Lemma 13.1.31 instead of Lemma 13.1.21 we can prove the exactness of the 
middle by the same argument as in the proof of Theorem 13.1.41 

Note that, for the case * = (s), the corollary can be also proved by taking 
the dual of (|3.1|) since all the vector spaces in (|3.1|) have FS topologies. □ 



3.2 Stratified and tempered-stratified ultradistributions 

In this subsection, we assume that X is a real analytic manifold with arbitrary 
dimension. For U C X a subanalytic open set, we define the set of tempered- 
stratified ultradistributions as 

SVb*AX) Vb*(X) 
Vb** s (U) := [X] - { ' 



svb* [xxu] (x) svbfa m {x) ■ 

Theorem 3.2.1. Let U be an open subanalytic subset of X. 

1. The ring T(U,V X ) acts on Vb*£ a (U). 

2. Let V be an open subanalytic subset of X . Then we have the following 
exact sequence. 

Vb *x sa {u u v) -> vb*£ a (U) e vb*£ a {v) -> vv$ s aa (unv)^ o. 

Further, if dira^(X) < 2, then the first morphism of the above sequence is 
infective. Hence, in this case, Vb* x s is a subanalytic sheaf on X sa and a 
g\Dx module. 

3. If X\U is 1-regular, thenT>b* x s (U) coincides with the sections of tempered 
ultra- distributions of class * on U , that is, 



(U) = Vb$(U) 



Proof. 1. Let W D U be an open subset in X and P £ T(W, T>x)- We choose 
a function ip £ c tf* (X) with supp ip C W and <p(x) = 1 in a neighborhood of U. 
Then ipP can be considered as a differential operator on X with coefficients in 
and thus, it acts on T>b*x(U). This action does not depend on a choice of 
(f. Indeed, this follows from the fact that, for any u E T>b*(X) and %p S ( €*{X) 
with supp ip n U = 0, we have ipu S ST>b? x \jj, (X). 
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2. The exactness is an immediate consequence of the following commutative 
diagram whose rows and columns are exact. 





1 I 

SVb* [xXU] {X)®SVb\ xxv] {X) - SVb* [XVUnV)] (X) - 

I I 

-> Vb*(X) -> Vb*(X)®Vb*(X) -> Vb*{X) -> 

Vb*£ a {UUV) -> Vbfl(U)(SVbfl{V) -> D6^([/fll') 

•1* "t 1- 





The assertion for the case dimX < 2 comes from Corollary 13. 1.51 



3. follows from Corollary f2. 4. 41 □ 



3.3 Higher dimensional case 

Let Q be a subanalytic sheaf on X sa and denote by rv,u the restriction map of 
Q ior V <Z U open subanalytic subsets. Assume that Q satisfies the following 
conditions. 

1. If U G Op(X so ) has smooth boundary, then Q(U) ~ X>6**({7). In particu- 
lar, = 

2. For any £/ G Op(X so ), := r^x : X>6*(X) = -► C/(Z7) is surjective, 
i.e. Q is quasi-injective. 

Note that, since Q is a sheaf in X sa , for open subanalytic subsets U and V, 
the sequence 

o^g(uuv)^g(u)®G(v)^g(unv) 

is exact. 

If dim X — 2, the sheaf T>b* x s satisfies the the conditions 1. and 2. above. 
Let us prove that, if dimX > 2, then such a subanalytic sheaf Q does not exist. 
For Z a subanalytic closed subset of X, set 

T{Z) := kcr(X>6*(X) -> Q{X \ Z)) C . 

Then, for any closed subanalytic sets Z\ C Z2 C X, there exists an injective 
morphism 

satisfying iz 3 .z x = iz 3 ,z 2 ° iz 2 ,Zi- One checks easily that the sequence 
-> n Z 2 ) ^(Zi) 8 ^(Z 2 ) -» ^(Zi UZ 2 )^0 

is exact. 

Using the fact that iz 2 , Zl is injective, andJF(Z) C J r (X\B) = T X \ B (X, T>b*), 
for any open ball B with ZflB = 0, it is easy to see that 

T{Z) c T z (X,Vb*) . 
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Further, if Z is a smooth manifold we have 

T(Z) = T z (X,Vb*) . 

Now let Z\,Z 2 be two smooth hypersurfaces of X, from the commutative 
diagram with exact rows 

o -> T{z l r\z 2 ) -» ^-(Zi) e r(z 2 ) -» ^uz 2 ) 

I 12 I 

o -► r ZinZ2 (x, C6*) -> r Zl (x, w)©r Z2 (x,w) r ZlUZ2 (x, vb*) , 

one obtains that 

T(Z 1 DZ 2 ) =T ZinZ2 (X, Vb*) . 

If dim(X) > 2, then we can find a pair of smooth hypersurfaces Z\ and 
Z 2 such that Z\ n Z2 consists of two smooth curves W\ and W2 tangentially 
intersecting at p. For example, let X = R 3 with coordinates (x, y, z), Z\ = \z = 
0} and Z 2 = + y 2 - x 2m = 0}. Then, since Z 1 nZ 2 = W 1 U W 2l we have the 
following exact sequence 

r Wl (X, 2?6*) ®T W2 (X, Vb*) = F(Wi)®F{W a ) 

-> -Wi U Wa) = r fflUff2 (I, £>&*) -> 0. 



This gives a contradiction. Indeed, the exactness of (|3.3|l implies that any 
ultra-distributions supported on Wi U FT2 is the sum of ultra-distributions sup- 
ported in W\ or W 2 . When W\ and W 2 are tangent at p, this is not true. 

A Super growth indicators 

The aim of the appendix is to show Proposition IA.7I To prove the proposition 
we need several lemmas and propositions. Their proofs are given only for the 
case * = (s) in this paper as those for * = {s} can be done by the similar 
technique. 

Definition A.l. We say that a ff 2 -function ip(i) : R>o — ► R is a super growth 
indicator if lim tp (t) = 00 and <p"(t) > 0. Further, a function ip(t) : R>o — > R 

t — >00 

is said to be a linear growth indicator if there exist a positive constant h > 
and a constant C such that ip(t) = ht + C . 

Note that a super growth indicator is a convex function. 

Let <pi{t), <p 2 (t) be two super growth indicators, we write ipi <^ ip 2 if and only 
if there exists C € R such that, for any t £ R>o, fi{t) < <fi2(t) + C. 

Lemma A. 2. 1. Let tp(x) be a super growth indicator. There exists {"/k}kei >0 C 
R such that, for any k € Z>o, 

(A.l) V»(t)>fct + 7fc- 

2. For any {7fe}feez >0 C R, i/iere exists a super growth indicator tp(t) such 
that 

(A.2) sup(fc< + 7fc ) > ip(t). 

k>l 
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A Super growth indicators 



Proof. Easy. 



□ 



Let X be a real analytic manifold and A a closed subanalytic set, and let A, 
be a stratum of a stratification {A a } of A. 



Clearly B(A a ) is a closed subanalytic subset of X. 

Proposition A. 3. Let X — M" and A C X a closed subanalytic set with a 
1-regular stratification {^4 Q }. Assume * = (s) (resp. * = {s}). TTien for any 
a and any F € 5W^(A") wii/i = 0, there exists a super (resp. linear) 

growth indicator Lp a satisfying the following condition. For any h > (resp. 
some h > 0), there exists a constant Ch such that, for any e > 0, 

\\F\\B(A a ,e), s ,h < C h exp(-(p a (e~ a )) , 

where B(A a , e) = {x G B(A a ); dist(x, A a ) < e} and a = — ^y-. 

Proof. We may assume that A = B(A a ), in particular, the number of the 
strata is finite. Since the closure of each stratum Ap is 1-regular, connected and 
compact, we can find a constant up such that for any x,i/e Ap there exists a 
subanalytic curve I C Ap joining x and y such that 



Let y be a point in some stratum Ap. As A a is compact, there exists x G ^4 Q 
such that 

dist(y, A a ) = \y-x\ 
As A a C ^4/3, there exists a curve / in ^3 joining x and y such that 

|Z| < k\x - y\ . 

Now, let F = {f a } a e SW^\X) such that F\ Aa = 0. We have that, for any 
x e A a ,y £ A^, / 7 (y) = R m (S 1 F;y,x). Hence, from Lemma ?2. 2. 5[ it follows 
that 



We set 



B(A a ) : 



U_ A i 



\l\ < np\x - y\. 



We set 



k = maxjreg}. 



\f 1 (y)\ = \R m (S J F; y, x)\< 



< (2 s+1 Vn~ K h\x - y|r+ 1 m! s - 1 (|7|)! s (2 s / l )l^||^||A s , ft . 




Hence for any ft,' > and h > 



\~/\\ s (2 s h')\f\ 



m+l 




Since 



inf i™ 4 - 1 ™!^ 1 < Cexp ( - Br" 
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for some positive constants B and C, we obtained 

< ciwu* (-* (i)'(|. - ,d- 

for a constant B' > 0. 

By Lemma IA.21 there exists a super growth indicator <p such that 

r>^q^: exp ( B 'G) 0- exp(v,(t)) - 

Then, one checks easily that, for any h' > 0, there exists a constant Ch< > 
such that: 

/>?> cMZ7 h exp { B> G) *) - i exp( ^ )} - 

Therefore, we obtain 



/(y L< in f c||F| ks , fe fA) l7l exp( _^(±) 



|7|! s (2 s /i') 17 ' ~ °< h < h ' UJl *' n \h'J v /i 

^o<^ a ll i? l^ ex p(- 5, (l) CT(k - yir 
<Cv expC-^di-yl"')). 

This entails the result. □ 

Lemma A. 4. For any constant C > 1, e > and anj/ super growth indicator 
if), there exists a super growth indicator ip satisfying the following conditions. 

1. p(t)«^(t). 

2. ip'{0) > and <p(0) = 0. 

3. for any s,t ; G [1, oo), y?(si) < Cs 1+e <^(t). 
Proof. Note that the third condition is equivalent to 

¥>(*) 



*.)<c(f) 

Set 



s > t > 1 



7 = Cs > 1 . 

Without loss of generality, we assume that ^(0) = and ip'(0) = M, for some 
constant M > 1. Let {xk}kez >0 C [0,co) satisfy: 

1. = io < < %2 < • ■ ■ and lim Xk — oo. 

h — >oo 

2. tf(x k ) = M 7 fe . 

Given an increasing sequences {a;fc}fcez>o C K with xq = and lim Xfc = oo, 

— >oo 

we set 

fc-l 

g(x) := ^ l\ x i+i - x i) + l k ( x - x k) x G [xfc,a;fc + i]. 

i=0 

Let {xk}k£Z>o be an increasing sequence of real numbers satisfying the fol- 
lowing conditions: 
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A Super growth indicators 



1. xo = and x\ > 2, 

2- xu+i > max{7~Xfe, Xk+i} for k € N, 

3. g{xk+i) > 7 fe_1 a;fe + i for fcgN. 

Note that such a sequence always exists as, for fixed k, we have 

fc-i 

^ 7 l (^+i - xi) + 7 fc (x - x k ) 

i- *=0 fe 

hm = 7 . 

Clearly, if f < s, then (|) c > 1 > 7~ 2 . More precisely, for < t < s with 
t G [a;j,a;j+i] and s e [a;*,, Xk+i] (I < k), we easily obtain 

£V> f_E*_V> 7 fc-'-2. 

Moreover, since the function _g(t) is convex with t/(0) = 0, the function 
is an increasing function of t. Hence, for any t € [x;, (1 < 0j we have 

a(t) > g(g0 > i-2 
t ~ xi - 1 

It follows that, for < t < s, s e [art, Xfc+i], 
and 

- - x.) + 7 fe (.s - x k ) < 7 fe S < -C (£f ^ ■ 

i=0 ^ 

Since ^(s) is an increasing convex function, we have 

fe-i 



i=0 
fc-1 



i=0 



1 / fe_1 N 

- m [ ^ - £») + i/>'(xk)(s - x fe ) 



Hence, the continuous convex increasing function g(s) satisfies: 

g(st) < -Cs 1+e g(t) for s e [1, oo) and i e [0, oo) 

7 
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and 

<?(*) < ^m- 

Let Xh(x) be a non- negative ^ CC (R) function such that 

supp(xh(a;)) C {\x\ < h} and / \h(x)dx = 1. 

JR 

For < h < 1, set 



i < t < 1 

#(i - x)xh{x)dx t > 1 



Then we have ip h £ ^°°(R) and 

g(t)<<p h (t)<g(t + h). 

Hence, we obtain 

(A.3) tp h (st -h)< g{st) < -Cs 1+e g(t) < -Cs 1+e (f h (t). 

1 1 

Now, we replace s by (1 + h)s into (|A.3j) . Then we get, for sufficiently small 
h > and s,t € [1, oo), 

<Ph(st) < f h {{l + h)st -h)< + Ca 1+e <p h (t) < Cs 1+e <p h (t) . 

7 

Further, it follows from g(t) < jjip(t) that for sufficiently small h > and 
t > 1 we have 

The conclusion follows. □ 

Lemma A. 5. Let a > 0. For any super growth indicator <p{t), there exist a 
holomorphic function on C\K<o and a super growth indicator g(t) satisfying 
the following conditions. 

1. There exists C > smc/j that, for any £ G C \ R<o, 

(A.4) |p(0|<Cexp(^n) 

holds. Moreover p{^) is real valued for £ £ R>o- 
£. TTie inequality 

(A.5) ex P GKl£r))<IKOI 

/joZds /or any £ € {£ = re l1? e C; r > 0, \§\ < min{f , ^}} . 

Proof. It is enough to construct an entire function f>(£) for cr = ^ that satisfies 
the estimate (pQ) for any £ e C and lfO|) on {re i,? e C; r > 0, < f }. Then, 
for an arbitrary a > 0, the holomorphic function p(£, 2a ) on C \ R<o gives a 
required one. 



34 



A Super growth indicators 



We suppose a = \ in what follows. Let ip(t) be a super growth indicator 
satisfying the conditions 2. and 3. in Lemma [A. 41 for some e > 1 and C > 
which will be determined later on. 

For s > 0, we set 

g(s) := ast/j'(s). 

As 

g '(s) = a (if/ (a) + si//' (a)) > <n//(0) > 0, 
we have that g(s) is a strictly increasing function and lim g(s) = oo. 

s — >oo 

Now, let {£k} be a sequence such that 

k = gffi) fc = l,2,... 
holds for any k £ Z>o- Then, since g(s) is strictly increasing, we have 
£l < £2 < • • • , and lim £ fc = 00. 

k — >oo 

For any t > 0, we set 

n(t) := {the number of £/- such that |£fc| < t} 



A 

Moreover, for any £fc < s < we have 

= n(&) - = <?(££) < g(a") t 



hence 



N( S ) < 1 ^ dt < r on* 

t Jo t 



Set 

p(0 := n*>i (1 + - 

By the Lindelof Theorem (see proof of Proposition 4.6, page 59 of [5]) we con- 
clude that is absolutely convergent in C. The same theorem give the esti- 
mate 

logsupb(£)|< [°° jr^Y^dX . 
I£l=t Jo {t + A) 



Thus we get 



r 

logsup|p(£)| < / 
|£|=* Jo 



lo (t + W 



(t + X) 



dX 



(A - 6) = Jo ww dX+ l ww dX - 

The first term of right hand side of (|A.6|) satisfies 

^Q^dX< \ l\{X°)dX < W). 



(< + A) 2 " t 
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We estimate the second term of the right hand side of (|A.6[) as follows. Let ijj 
be a super growth indicator satisfying the condition 3. in Lemma lA.4l for C = 2 

and e = —= — 1. Then we have 



^2 



t (t + Xf J, (1 + A) 
Hence we obtain 

log sup|p(0| <C a W) 
l«l=t 

where C CT depends only on a. Therefore satisfies the condition 1. of Lemma 

IA.5I when ip(t) is a super growth indicator given by Lemma lA.41 with the indi- 

<p(t) 1 
cator — — and the constants C = 2 and e = — = — 1. 

Now, for k E Z >0 , set 

:= ** . 
& 

Let us prove that, for fc — > oo, Ik — > oo. Indeed, unless — > oo, then there exists 
M > and an increasing sequence of natural numbers {k p } with lk p < M. Since 

holds, we have 

(A.7) ^-^(t)- 

Since ^'(t) — * oo (t — * oo) and — ► oo (p — + oo), the right hand side of (|A.7j) 

tends to oo. This contradicts to the fact that the left hand side of (|A.7j) is 
bounded. 

Now, p(£) can be written in the form: 

p(0 = n*>i (i + l 4 



If f G -D = {|9ff| < we have 



l + -=r 



MCI 

> 1 + > 1 1 ISI 



ki ~ V2ki 



Since Ik — > oo, for any given L > there exists fco such that > y/2L (k > fco)- 
Hence, for £ G D, we get 
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A Super growth indicators 



for some Cl > 0. It is well know that there exist A, B > such that, for t > 0, 

IIi< fe U + ^r) >Aexp(Bt a ) . 

Therefore we have that for any L > 

\p(0\ > AC L exp(BL°\tn = exp(BL°\tr + \og(AC L )) £ e D. 
This implies that there exists a super growth indicator g(t) satisfying 
|p(C)l>exp^r) teD. 

□ 

Lemma A. 6. Let s > 1. Assume * = (s) (resp. * = {s}). Tften for any 
compact set K C M™ and /or any super [resp. any linear) growth indicator ip, 
there exists a family of functions {X(.{ x )}(.>0 C ^*(R") satisfying the following 
conditions. 

1. For any h > (resp. some h > 0) i/iere exists a constant Ch such that 

\\Xe{x)\\w*, s ,h < C/ l exp(</j(e _ °")) /or any e > 0. 

2. SUpp(Xe(a;)) C 

5. x e (x) > and ' if ' x e Xe(a;) = 1- 

Where K e denotes the set {x £ X; dist(a;, K) < e} and a = — Kr. 

Proof. Let i/; be a super growth indicator, a holomorphic function as given 
in Lemma lA.51 with the super growth indicator ipit) and a > 0. We set 

x > , 



/(*) = M*- 1 ) 

I x < . 

One checks easily that /(z) is holomorphic in the sector 

5 = {zeC;|arg(z)| < k} , 
for some k > 0, and that there exists a super growth indicator p such that 

\f(z)\<eM-e(\zn) 

holds for 2 6 S. Hence, using the Cauchy inequality, it is easy to see that 
f(x) £ ^(^(R), that is, for h > and any compact set K C M we have 

||/0)||k,s,?s < oo . 

Set 

g e (x) :=f(x + 2e)f(-x + 2e) . 
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Then, for < e < 1, we have 

\\9e(x)\W, s , h <\\f(x)\\l 4]s ^ 

and supp(<7 £ (a;)) C {\x\ < 2e}. Moreover, there exists M > such that, for any 
x > 0, 

|/(a:)| >Mexp(-V>(M- CT )) • 

Hence, we get 

g e (x) > Mexp(-2V-(e- ff )) , 

for x e [— e, e]. Thus 



/ 



g e (x)dx > 2eMcxp(-27/;(e~ CT )) . 

Now, set 

~ / \ 9e(x) 

9e{X) :-- 



g e (x)dx 



Then g e satisfies 

H&HiW, < Il/H^j s ,^exp(2 ? A(e- CT )) < M h exp(3^( £ - CT )) 
for some constant that depends only on h. Set 

g e (xi, ...,x n ):= g e (x!)g e (x 2 ) . . . g e {x n ). 
Then g e (x) satisfies the followings conditions. 
1. For any h > there exists Mh > such that 

\\g € (xi, . . .,x n )\\m.»,s,h < M h exp(3mp(e~ a )) for any e > 0. 

2. 

/ g e (x)dx = 1 

3. 

supp((7 e (x)) c{x£ K"; |ar| < 2^/ne}. 
Let Yjf, denote the characteristic function of ifs, . If we chose 

= ^((8^)^), 

then 

y v ™ -£ 

satisfies the required conditions. □ 

Proposition A. 7. Let X be a real analytic manifold and A C X a compact 
subanalytic set. Then W* A {X) is a dense subset of the locally convex topological 
vector space SW* A (X). 
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Proof. Take a 1-regular stratification {A a } of A and fix it. Let A a be a stratum. 
Set ' 

Z(A a ) := _ U Ap. 

and 

U(A a ) := U _ Ap. 

A a cA fi 

Then Z(A a ) is compact and it is a closed neighborhood of A a in A. Hence 
by the partition of unity, we may assume that X = R" and A is a compact 
subanalytic set. 

Let Afc (rcsp. A<^) be the set of indices a e A such that a\mi{A a ) = k (resp. 
dim(A Q ) < k). For e > 0, let us determine a family of closed sets {W eja } ae \ in 
X and a family of positive constants {h, a }aeA in the following way. 
If k — 0, then for any a E A , 

1. VF £ , Q = A Q , 

2. let Z £jQ > be such that e > Z £jQ and (W £ia; ; ect n A) C U(A a ). Here 
VF £ , Q ,'z £>a = {x e X; dist(o;,W e;a )'< l e , a }. 

Suppose that we already determined W €ta and l e>a for every a € A<fc_i. Set 

efe-i = min Z £iQ . 

aeA< fc _i 

First, let {W tja } ae ^ k be such that 

A a \ ( U W^i, ) CW e , a C4 

Note that the set 

U VF £ ?, i, a 

is a neighborhood of A Q \ A Q . Since TF £ , Q n W e> p = for any a^/3e Afc, there 
exists a constant 5 Ci k > 

^,fc = \ min dist(W e , a , W £i/3 ). 

Then, for a e A^, let i £iQ satisfy: 

1. Z £ , Q < min{<5 e!fc , e fc _i} , 

2. (^,a,i„ Q nA)c[/(4) , 

3. for any (3 <G A< fc _i with ApC\A a = 0, W e , a ,j e , a n W^p^^ = holds. 

Note that such an Z £ , Q always exists. Indeed, VF £jQ C A Q is a compact set and 
U(A a ) is an open subset in A. Hence, there exists l tv p satisfying condition 
2. Since Ap C\ A a = implies U(Ap) (~l A a = 0, we have by the induction 
hypothesis 

w € ,p ihi0 n W f _ a = w ei p, h0 n An w e , a c c/^) n A a = 0. 
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As W e> p ; i e p and W £iQ are closed sets, the condition 3. can be fullfilled. 

Let ip be a super growth indicator. By Lemma |A.6[ for any h > 0, there exist 
Ch > and a family {xe,/3} C ^ S '(X) such any for any e,0 

(a) Xe,/^) = 1 for a; G W e ^ u ^ , 

(b) suppx e;i a(x) c W e> /3,i e>l3 , 

(c) ||Xe,/3|k»,s,fc < exp (^(Q>)) ■ 

Since UW C a it , is a neighborhood of A, we have 

(A.8) ^n A (i - X e,M^)) = o 

in a neighborhood of A. 

Now, let us prove that, for any indices 0i and 02 with 0i ^ 02 and /?2 ^ 01, 
we have 

(A.9) X £ ,ftWx e ,ftW E 0- 

Here 0\ < 02 means Ap 1 C Ap 2 . Indeed, if dim Ap t = dim Ap 2 and 0\ ^ /?2, 
then if follows from the condition 1 of l e< p and l e> p t < | dist(W e ^ 1 ,W e ^ 2 ) (i — 
1,2) that we have 

SUpp(Xe,/3i) n SUpp(Xe,/3 2 ) C We./Ji.i,,^ H W t>Mt ^ = 0. 

Therefore we may assume dimA^ < dim^4^ 2 . Since 0\ ^ /32 implies Ap 1 n 
= 0, the relations 

suppCxe,^) n supp(x e ,,3 2 ) c w tt p uh fH n We.ft,,^^ = 

follow from the condition 3. 

The, from lfO|) and ([A~9|) . we obtain that 

#A 

i=l /3i^/3 2 ^---^/3 s eA 

in a neighborhood of A. Here 0\ < 02 implies that 0\ ^ 02 and Ap x C ^4g 2 . 

Let F S SW* A {X). Since we have SW* A {X) = 5W { * Aq} (A), then, for any a 

there exists <7 Q (a;) € ^fW(X) such that j Aa (g a ) — F\a ■ Then, by Proposition 
IA.3) there exists a super growth indicator tp(t) such that, for any h > and any 
a, there exists a constant such that, for any I > 0, 

WuiQa) ~ F\\B{A a ,i), s ,h < C' h exp(-^(l-)) . 

Set 

#A 

ffe(x):=X; E (-l) I Xe A (^)x^ 2 (a ; )...Xe A (a:)< ?/3l ( S )e^W ■ 
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We are going to show that jyi(ffe) converges to F with respect to the topology 
of SW* A (X) when e — > 0. This will complete the proof. 
Let us fix a stratum A a . We have 

3AM-F\A a = 

#A 

= 3A a (9e)-^2 jA a {(- 1 YXe,p 1 ( X )Xe,0 2 ( X )---Xe,p i ( X )) F \A a 

»=1 Pi-<02-<--<l3ieA 

#A 

= S X ^ ((-^^eAWXcftW • • -X.A (x)) (jA(g 0i ) - F)\ Aa . 

t=l /3iX/32X---X/?ieA 

Noticing 

supp( Xe , ft ) n A c w e , A ,i. ii9i nAc 

and continuity, we get 

3 A a ((-1)^X^1 (x)Xe,/3 2 (s) ■ • ■ X £ ,ft (s)) = 
if f (A^) (14 = 0. Since [/(A^) ni a ^0 implies A Q D A^, we obtain 

3A a (9e) ~ F\A a = 
#A 

= H X! JA„ ((- 1 ) 4 Xe,/3 1 (2 ; )X e ,/32(^)---X e A(^)) (iA(5/3 4 )--P)U a - 

i=l fc<02<-<Pi<A a 

Now, let /3i, . . . , fa be such that fa -< fa ~< ■ ■ ■ ~< fa ^ A a . As > l e ^ 2 > 
■ ■ ■ > l e ,f3i, we have that, for any h, 

\\j A ((-iy X e, 01 ( x )Xe,0 2 ( x ) • • -XeA(x)) |U,,,#Afc < Cf A exp (#A^(Z-^ )) . 

We also have, for any h > 0, 

\\3A{gp t ) - F\\ B (A, i ,i t , Pi) ,s,h < C' h eM-W7,l))- 
Since we have W €t/ 3 it i €j3 , flAc W €t/ 3 it i eJ3 , n 17 (-Aft) C B(A l 3 i , l e ,Pi), we get 

supp(x e , / 3 i ) nl„c w £ , ft ,i. il9j ni a c s(i4 A , z £ , A ). 

Hence, for any /i > 0, we obtained 

I \jA a ((-l) l X£,/3i (x)Xe,ft> (x) . . . X£,ft (x)) (jA (5ft) - F)\ Aa I |x a)Sl (#A+l)h 

< \\3A a {(-^X^A^Xe^ix) . . -XeM X )) \\B(A l3 .,l €tl3 .)nA a ,s,#Ah 

■\\{jA{g 0i )-F)\ Aa \\ 

< C# V fc exp(#A V (i-^) - 

In the end, if we take a super growth indicator ip(t) such that 

¥>(*) « ^a^W • 

Then, we obtain 

IUX ((- 1 ) i Xe,/3i(x)x e , / 3 2 (x) • • -Xe^iix)) (^(ffft) " J U a , S ,(#A+l)fc 



< CC* A C' h exp - (e - 0) 



for any h > 0. □ 



References 



41 



References 

[1] E. Bierstone and P. D. Milman. Semianalytic and subanalytic sets. Inst. 
Hautes Etudes Sci. Publ. Math., (67):5-42, 1988. 

[2] N. Honda. On the reconstruction theorem of holonomic modules in the 
Gevrey classes. Publ. Res. Inst. Math. Sci., 27(6):923-943, 1991. 

[3] J.-M. Kantor. Classes non-quasi analytiques et decomposition des supports 
des ultradistributions. An. Acad. Brasil. Ci., 44:171-180, 1972. 

[4] M. Kashiwara. The Riemann-Hilbert problem for holonomic systems. Publ. 
Res. Inst. Math. Sci., 20(2):319-365, 1984. 

[5] M. Kashiwara and P. Schapira. Sheaves on manifolds, volume 292 of 
Grundlehren der Mathematischen Wissenschaften. Springer- Verlag, Berlin, 
1990. 

[6] M. Kashiwara and P. Schapira. Moderate and formal cohomology as- 
sociated with constructible sheaves. Mem. Soc. Math. France (N.S.), 
(64):iv+76, 1996. 

[7] M. Kashiwara and P. Schapira. Ind-sheaves. Asterisque, (271):136, 2001. 

[8] H. Komatsu. Ultradistributions. I. Structure theorems and a characteriza- 
tion. J. Fac. Sci. Univ. Tokyo Sect. IA Math., 20:25-105, 1973. 

[9] H. Komatsu. Ultradistributions. II. The kernel theorem and ultradistribu- 
tions with support in a submanifold. J. Fac. Sci. Univ. Tokyo Sect. IA 
Math., 24(3):607-628, 1977. 

[10] K. Kurdyka. On a subanalytic stratification satisfying a Whitney property 
with exponent 1. In Real algebraic geometry (Rennes, 1991), volume 1524 
of Lecture Notes in Math., pages 316-322. Springer, Berlin, 1992. 

[11] A. Lambert. Quclqucs thcoremes de decomposition des ultradistributions. 
Ann. Inst. Fourier (Grenoble), 29(3):x, 57-100, 1979. 

[12] S. Lojasiewicz. Sur le probleme de la division. Studia Math., 18:87-136, 
1959. 

[13] B. Malgrangc. Equations differ entielles a coefficients polynomiaux, vol- 
ume 96 of Progress in Mathematics. Birkhauser Boston Inc., Boston, MA, 
1991. 

[14] G. Morando. Tempered holomorphic solutions of 2?-modules on curves and 
formal invariants. Ann. Inst. Fourier (Grenoble), to appear. 

[15] L. Prelli. Microlocalization of subanalytic sheaves. C. R. Math. Acad. Sci. 
Paris, 345(3):127-132, 2007. 

[16] C. Roumieu. Ultra-distributions definics sur R n et sur certaines classes de 
varietes differentiables. J. Analyse Math., 10:153-192, 1962/1963. 

[17] P. Schapira. Sur les ultra-distributions. Ann. Sci. Ecole Norm. Sup. (4), 
1:395-415, 1968. 



42 



References 



[18] H. Whitney. Functions differentiablc on the boundaries of regions. Ann. 
Math., 35(3):482-485, 1934. 

[19] S. Yamazaki. Remark on division theorem of ultradistributions by Fuchsian 
differential operator. In Algebraic analysis and the exact WKB analysis for 
systems of differential equations, RIMS Kokyuroku Bessatsu, B5, pages 
209-223. Res. Inst. Math. Sci. (RIMS), Kyoto, 2008. 



Naofumi Honda 

Department of Mathematics, Faculty of Science, 
Hokkaido University 

Kita 10, Nishi 8, Kita-Ku, Sapporo, Hokkaido, 060-0810, Japan 
E-mail address: honda@math.sci.hokudai.ac.jp 

Giovanni Morando 

dlpartimento di matematica pura ed applicata, 

Universita di Padova, 

Via Trieste 63, 35121 Padova, Italy. 

and 

Centro de Algebra da Universidade de Lisboa, 

Av. Prof. Gama Pinto, 2, 1649-003 Lisboa, Portugal. 

E-mail address: gmorando@math.unipd.it 



